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INTRODUCTION 
It is our purpose to classify all the finite groups whose subgroups of equal 
order are conjugate. Here we restrict ourselves to those groups which are not 
solvable. In a sequel to this paper we deal with the solvable case. 
Notation is standard or self-explanatory; see [5]. All groups in this paper are 
finite unless explicitly mentioned otherwise. 
§ 1. GENERAL PROPERTIES OF B-GROUPS 
We start with a few definitions and a preparatory theorem. 
DEFINITION 1. Let G be an arbitrary group. 
a) G is called a B-group if any two subgroups of the same order are conjugate. 
We write GE B. 
b) G is called an iso-group if any two subgroups of the same order are isomor- 
phic. 
The statements of the following Theorem 2 are easy to prove. Although essen- 
tial we leave the proofs thereof to the reader. The contents of Theorem 2 will 
be used frequently. 
THEOREM 2. a) Every B-group is an iso-group. 
b) If H is a subgroup of the B-group G, then H is an iso-group. 
c) If G is a B-group and N4 G, then G/NE B. 
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d) Let M be a normal subgroup of the B-group G. Assume m EM. Then any 
elemeni of G which is of order Im j lies in M. 
e) Let G be a B-group. Suppose M is a normal elementary abelian p-group of 
G of order p’, p prime, tk2. Then M is a (in fact the unique) Sylow 
p-subgroup of G. 
f) Let M be a normal subgroup of the B-group G. Suppose A and C are sub- 
groups of M of equal order. Then # (m-‘Am ( m E M) = # (m-‘Cm ( m EM) , 
The next Lemma reflects the behaviour of direct products with respect to the 
B-group property. 
LEMMA 3. Let G=HK, HLIG, KaG, HnK={l}. Suppose Hand K are 
B-groups. Then G is a B-group if and only if gcd(lHI, IKI) = 1. 
PROOF. a) If gcd(jHJ, jKJ)# 1, then Cauchy’s Theorem yields the existence 
of a prime t and cyclic groups A c H and B c K with I A I = I B I = t. So, as Hand 
K centralize each other, G is not a B-group. 
b) Supposegcd(lHI,lKI)=l.HenceanysubgroupofGisoftheformH,K,, 
where HI c H and K, c K. See ([6], Corollary to Theorem 2.4.19). So spot 
H,K,. Note that gcd(lH,], IK,l)= 1 and that H and K centralize each other. 
Therefore, if Hz and K2 are subgroups of H and K respectively such that 
j H, I = I Hz / and IK, I = 1 K2 / holds, the B-group property assures the existence 
of elements g E H and r E K such that g-‘H,g = Hz and r-‘K,r = K2. Therefore 
(H,KJg’=HyKP’=HiK[=H2K2. So G is a B-group. + 
Now we elucidate the structure of a Sylow 2-subgroup of a B-group. 
THEOREM 4. Let P be a Sylow 2-subgroup of the B-group G. Then P is a 
cyclic or elementary abelian 2-group or it is a (non-abelian) quaternion group 
of order 8. 
PROOF. Suppose that P contains more than one involution (i.e. element of 
order 2). Since Z(P) possesses an element of order 2, we see that P has at least 
one Klein four group as subgroup. Therefore Exp(P) = 2, as P is an iso-group. 
As known, P is elementary abelian in that case. 
So assume that P contains precisely one involution. Then P is cyclic or 
Pz (a, b 1 a’” = 1, b2= a’“-’ ,,‘=a-‘> where n22; see ([5], Satz 111.8.2). How- 
ever, if P is not cyclic (so Pz (a, 6) where a and b satisfy the relations just 
given) then (a) z (a’, b) unless n = 2. So P is only an iso-group in case n = 2, 
i.e. when P is quaternion of order 8. + 
§2.THENON-SOLVABLECASE 
Now we will unravel the structure of the non-solvable B-groups. It is ac- 
complished by a series of Theorems. 
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THEOREM5. Let M be a non-abelian minimal normal subgroup of a B-group 
G. Then Mr A, (the alternating group on five symbols), or Mz SL(2,2’) where 
t=3 or t=5. 
PROOF. It is a standard fact (or just view [5], Satz 1.9.12) that M is isomor- 
phic to a direct product of isomorphic copies of a non-abelian simple group S. 
Now, if a Sylow 2-subgroup of S would be cyclic, Burnside’s Theorem 
([5], Satz IV.2.8) says that S would be 2-nilpotent, which is not true. On the 
other hand, a Sylow 2-subgroup of S is also not isomorphic to a quaternion 
group of order 8. This holds by the Brauer-Suzuki-Glauberman Theorem 
([5], Satz V.22.9). 
Hence a Sylow 2-subgroup of S being isomorphic to a subgroup of a Sylow 
2-subgroup of the B-group G, is elementary abelian of order at least four. In 
particular, any Sylow 2-subgroup of the B-group G is elementary abelian of 
order at least four. 
Suppose that M= ST, SaM, S non-abelian simple, T<IM, T# {l}, T iso- 
morphic to a direct product of isomorphic copies of S. Let U c T, U= S. The 
Sylow 2-subgroups St of S and U, of U are elementary abelian. Consider 
N,(S,) and N,(U,). The Schur-Zassenhaus Theorem yields that there exists a 
2’-subgroup H of U such that Nu(UI) = U,H. Now H centralizes St, whereas 
IS,Hj = IiVu(Ul)l = INs(S So, as Mis an iso-group, it follows that Cs(S1)= 
N,(S,), and St is contained in the center of its normalizer in S. Hence a Theo- 
rem of Burnside ([5], Hauptsatz V.2.6) implies now that S is 2-nilpotent, con- 
trary to the simplicity of S. Therefore MES holds. 
All the non-abelian simple groups whose Sylow 2-subgroups are elementary 
abelian, are known. See [7]. Namely they are 
a) SL(2,2”), n22; 
b) PSL(2,q), q=3 or 5 (mod 8), q#3; 
c) the Ree groups R(32m+‘), mr 1; 
d) Jr, Janko’s simple group of order 175 560. 
Re c) For mr 1 L?(32mf1 ) contains a subgroup isomorphic to (r) x PSL(2, 32m+‘) 
where )rl = 2. However, PSL(2, 32m+1 ) is not an iso-group. {It contains a 
dihedral subgroup of order 32m+1 + 1 which is not an iso-group.} Thus 
MS R(3 2m+‘), any rn> 1. 
Re d) The group J, is not an iso-group; it contains an isomorphic copy of 
PSL(2,ll) which is not an iso-group. See ([l], page 36). So MS J,. 
Re b) The group PSL(2, q), q= 3 or 5 (mod S), qr 11, contains a dihedral sub- 
group of order q - t, where t = -+I in such a way that q= t (mod 4). That di- 
hedral subgroup is not an iso-group. See ([5], Satze 11.8.3 and 11.8.4). So 
MrPSL(2,q), any qz 11. Notice that PSL(2,5)zA, remains as possibility 
for M. 
Re a) There is left to investigate the possibility MESL(~, 27, nr2. We note 
that MsMC,(M)/CG(M) and that G/C,(M) is a B-group. Therefore we 
may regard G as subgroup of Aut(M). Since SL(2,2”) admits essentially only 
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field automorphisms as non-inner automorphisms (see [l], page XVI), it cer- 
tainly now holds that G/M is isomorphic to a subgroup of a cyclic group C 
of order n. So IG/Mlln. 
Let (a) = F$. Consider Klein four 1/= <(A (A 7)) SL(2,2”). 
A calculation shows whenever 3 2” - the normalizer V in 
is equal the elementary Sylow 2-subgroup {(A '1') p E 
of SL(2,2”). 
if n23, are ISL(2,2”): =22"- 1 in the class 
of in SL(2,2”). as G a B-group, 2.f) yields every con- 
class of four subgroups SL(2,2”) should of 22” 1 
groups, the normalizer any Klein subgroup of SL(2,2”) equals 
Now any arbitrary Sylow Sr and of SL(2,2”) 
each other St n = {l}, ([3], $ There are 1 Sylow 
subgroups in and they all conjugate each other. counting 
argument that there +(2”-2)(2”- 1) four subgroups 
the abelian 2-subgroup T SL(2,2”). So in all most hold our 
situation M has - 2) classes of abelian sub- 
of order 
Now, if -2) (which for n>6), cannot be that 
all classes of four subgroups M can “glued together” 
conjugation by elements of B-group G IG/MI <n). 
there remains = 2 n = (MzSL(2,8)), n 5 
(Mz The case = 4 not occur, +(24 - is not integer. 
This the research Re a). 
proof of 5 is + 
It from Dickson’s of the of SL(2,2”), 
([5], Hauptsatz that SL(2,8) only Frobenius of order 
and dihedral of order and 18 maximal subgroups. these 
groups normalizers of p-subgroups of for p = 2,7,3 respec- 
tively, it follows almost immediately that SL(2,8) is a B-group. 
With considerable more effort one can show (we leave it to the reader to do 
so) that TL(2,32) := SL(2,32) >Q (8), where 8 acts as a field automorphism on 
the coefficients of the matrices in SL(2,32) such that 101 = 5, is a B-group. 
Observe also, that the proof of Theorem 5 includes that SL(2,32) is not a B- 
group. Therefore we have found the following Lemma. 
LEMMA 6. a) SL(2,8) is a B-group. 
b) rL(2,32) is a B-group, but SL(2,32) is not. 
c) A, is a B-group. 
In particular, A, and SL(2,8) are the only finite non-abelian simple B-groups. 
+ 
The only explicit reference to the statement of Lemma 6.~) we are aware, is 
([8], Example 4.11). 
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Next we will show that a configuration as in Theorem 5, leads to elegant 
structures. 
THEOREM 7. Let G be a B-group. Suppose M$ G with MsA,. Then 
G=MCo(M). So MfIC,(M)={l} and C,(M) is a B-group whose order is 
relatively prime to 30. 
PROOF. Since M is simple, we have Co(M) flM= {l} and so 
M=A4Co(M)/Co(M). Thus G/Co(M) can be regarded as a subgroup of 
Aut(M). Therefore as Aut(M)=Ss, the symmetric group on five symbols, we 
can only have G/C,(M) = S, or G/C,(M) z A,. Since S, has involutions out- 
side A,, S, is not a B-group. Hence G/C,(M)rA,=MC,(M)/C,(M). So 
G = M&(M). Further G/M= Co(M), where C,(M) is a B-group. The prop- 
erty gcd(30, ICo(M)I)= 1 follows from Lemma 3. + 
THEOREM 7’. Let G be a B-group. Suppose Ma G with M= SL(2,8). Then 
G=MCo(M). So Mn C,(M) = { 1) and C,(M) is a solvable B-group whose 
order is relatively prime to 42. 
PROOF. The observations in the reduction procedure in the proof of 
Theorem 5 yield: IG/MC,(M)I divides 3. Since G/Co(M) is a B-group with 
A4C&4)/CG(M)~SL(2, 8) and since G/C,(M) is isomorphic to a subgroup 
of Aut(SL(2,8)) it can only happen that G=MCo(M) (note: Exp(P) =9 if 
P~Syls(Aut(SL(2,8)), so Aut(SL(2,8)), being of order 3.lSL(2,8)/, is not a 
B-group). 
The property gcd(42, /C,(M)/) = 1 follows from Lemma 3. + 
THEOREM 7”. Let G be a B-group. Suppose M4 G with MzSL(2,32). Then 
G=(Mx T)(a), a5 E T, M(a)=TL(2,32), where T(a) is a solvable B-group 
whose order is relatively prime to 2046 = 2.3.11.3 1. 
PROOF. Again this follows immediately from the reduction procedure in the 
proof of Theorem 5. + 
In Theorem 8 we deal with the structure G/N=A,; in Theorem 8’ with 
G/N= SL(2,8). 
THEOREM 8. Let G be a B-group. Assume 4 divides /G/, but 8 does not. 
Assume there exists N4 G such that G/NzA,. Then G =NCo(N) with 
C,(N)zAA,. So we have Nn Co(N) = { 1) and N is a B-group with 
gcd(30, INI) = 1. 
PROOF. Suppose Mf {l} is a minimal normal subgroup of G contained in N. 
So M is of odd order whence solvable by the Feit-Thompson Theorem. 
Therefore Mz CD x a.. x C,, t times, p odd prime. Hence, as G/M is a B- 
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group satisfying the hypothesis of the Theorem, there exists (by induction) 
K 4 G with MI K and K/M= A,. Spot some involution T of K and consider 
its action on M by conjugation. As p is odd, Maschke’s Theorem combined 
with the B-group property reveals that r either inverts all elements of M or fixes 
all elements of M. This observation holds for all involutions of K. Since a Sylow 
2-subgroup of K is isomorphic to a Klein four group we conclude from the iso- 
group property that each involution of K centralizes M. Hence C,(M) = K by 
the simplicity of A,. Now, if tr2, then it follows from Theorem 2.e) that 
p# 3 and p#5. Therefore the Schur-Zassenhaus Theorem yields the existence 
of a subgroup L of K such that K=ML, MnL={l}, LEA,. Thus here 
L a K. As L s A,, L = [K, K] holds. So L a G and we are in Theorem 7. Thus 
the Theorem holds whenever t 2 2. So assume t = 1. The same argument as 
before holds in case p 7 15. In our opinion it is just sheer luck that a theorem 
of Holder holds here ([4], 0 63), namely that also in the case p ( 15 there exists 
R4K with K=RM, RrA,, IMl =p. Hence R=[K,K], and so RaG. So 
Theorem 7 can be applied again, thereby finishing the proof of the 
Theorem. + 
THEOREM 8’. Let G be a B-group. Assume there exists NIP G with 
G/NzSL(2,8). Then G = NC&N) with Cc(N)=SL(2, 8). So we have 
NnCo(N)={l} and N IS a solvable B-group with gcd(42, INI) = 1. 
PROOF. Just as in the proof to Theorem 8 we observe that the proof of Theo- 
rem 8’ can be reduced to the case where Kil G with Mc N, Mr K, K/Mz 
SL(2,8), M=C,x ... CP (t times, tr 1) (observe that p has to be an odd 
prime here as 8 divides 1 SL(2,S)l; combine Theorem 2.d), Theorem 4, and 
Syl,(Sf(2,8)) consists of elementary abelian 2-groups of order 8). A further 
reduction just as in the proof of Theorem 8 reveals that we may assume that 
MsCC, or Mz C,. In these cases we have M=Z(K). 
Now ([5], Hilfssatz V.24.5) gives the property 
Exp(K’n Z(K)).Exp(K/K’fl Z(K)) divides IK/K’n Z(K)I. 
If Z(K)sK’, then this reads for jMl=3: 
3.32 divides lSL(2,8)) =7.23.32, or for lMl =7: 
7.7 divides ISL(2,8)/ = 7.23.32. 
In both eventualities we have a contradiction (note that SL(2,8) has cyclic 
Sylow 3-subgroups of order 9). 
Therefore Z(K) n K’= {l} (i.e. K splits centrally over Z(K)) and so there ex- 
ists R 9 K with K = RM, R = [K, K] z SL(2,8); whence R 4 G. Finally Theorem 
7’ can be applied and we are done. + 
We will show now that we have already gained enough information in order 
to characterize the non-solvable B-groups whose Sylow 2-subgroups are 
abelian. Note that such Sylow 2-subgroups have to be elementary abelian, by 
Burnside’s Theorem ([5], Satz V.2.8). 
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THEOREM 9. Let G be a non-solvable B-group whose Sylow 2-subgroups are 
abelian. Then there exists N4 G such that 
a) NE A5 or Nz SL(2,8), or 
b) NE SL(2,32). 
In either possibility of case a) we have G = NC,(N), where C,(N) is a solvable 
B-group whose order is relatively prime to 30 or to 42 respectively. 
In case b) G=(Nx T)(cY), a5E T, TL(2,32)=N(a), where moreover T(a) is a 
solvable B-group whose order is relatively prime to 2046 = 2.3.11.3 1. Converse- 
ly any group G of the form G = (N x T)(a) given by N(a) E TL(2,32) and T(a) 
a solvable B-group with gcd(2046, / T(a) 1) = 1, is itself a B-group. 
PROOF. Assume there exists a non-abelian minimal normal subgroup M of G. 
Then Theorem 5 can be applied. So, if MEA,, Theorem 7 gives the result; if 
M=SL(2,8), Theorem 7’ does it; if Mr SL(2,32), then Theorem 7” yields the 
required structure of G. 
Hence assume that M is an abelian normal subgroup of G, i.e. 
MECPX ... C, (t times, t2 1, p prime). As G/M is now a non-solvable B- 
group whose Sylow 2-subgroups are abelian, we can apply induction and we 
may therefore assume that there exists Kil G such that Kr M, K/MrA, or 
K/M=SL(2,8) or K/M= SL(2,32). Since G is a B-group whose Sylow 2-sub- 
groups are elementary abelian, Theorems 2.e), 2.d) and 4 imply that p # 2. Now 
we divide up. 
a) Let K/MEA,. Then Theorem 7 can be applied on the B-group G/M. It 
follows that the hypotheses of Theorem 8 hold for the B-group G/M. So Theo- 
rem 8 gives the result for G with respect to the required case a) in which N= A, 
will hold. 
/I) Assume K/M=SL(2,8). Apply Theorem 7’ to the B-group G/M. Then 
Theorem 8’ gives for G what we want, so that case a), NE SL(2, S), will occur. 
y) Suppose K/M= SL(2,32). If tz 2, then by means of Theorem 2.e) it follows 
easily that [K, K] =SL(2,32) so that [K, K] 4 G. Then Theorem 7” gives the re- 
quired structure for G. So let t = 1. If pr 1023, then we can use the same ar- 
gument again. If Mz CP for p 1 1023, then Hilfssatz V.24.5 of [5] is again ap- 
plicable; finally we conclude that [K, K] = SL(2,32), whence [K, K] il G, and 
so Theorem 7” gives again for G what we want. Conversely, assume G= 
(Nx T)(a), as E Z T(a) a solvable B-group whose order is relatively prime to 
2046, and N(a)zrL(2,32). Then it can be proved that G itself is a B-group. 
However, we leave this rather technically involved proof to the reader. 
The Theorem has been proved. + 
So our task is reduced to the case where the non-solvable B-groups have non- 
abelian Sylow 2-subgroups. Such a Sylow 2-subgroup is quaternion of order 8 
as we saw in Theorem 4. 
At first we prove a theorem which is fruitful to the proof of Theorem 11, 
thereby finally settling the whole non-solvable case. 
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In the proof of Theorem 10 as we will present it, we encounter a situation 
in which some results can be applied that are mentioned in Camina and Whelan’s 
book [2], in view of work by C. Hering. Namely chapter 5 of that book is 
devoted to Hering’s results on transitive linear groups which contain irreducible 
subgroups of prime order. {The interested reader is referred to Hering’s paper 
in Geometriae Dedicata, Vol. 2 (1974), 425-460, in particular to section 5 in it.} 
Therefore Theorem 10 can be regarded as a direct corollary to Hering’s work. 
THEOREM 10. Let G be a B-group. Assume X4 G, R a G, G=XR, 
Xn R =M with M an elementary abelian p-group of order pf, t 22, p odd 
prime. Suppose X/M= SL(2,5) and assume that Mg Z(X). Then t = 2 and p 
can only be 11, 19, 29 or 59. 
PROOF. Since G/M is a B-group, gcd(jR/MI, IX/Ml) = 1 holds; in particular 
R/M is solvable of odd order (Feit-Thompson). Observe tr 2 implies that A4 
is the unique Sylow p-subgroup of G, by Theorem 2.e). So p{ /G/M/ and in 
particular p 7 30. All maximal subgroups of M are conjugate in G. The assump- 
tion Mg Z(X) gives that Co(M)=C,(M) (use the conjugation action of 
the elements of a quaternion subgroup of order 8 on M). There exists 
S charCo(M) for which MflS={l}, Co(M)=MS, gcd(lMI,ISl)=l. Hence 
SaG with Co(M)/S=M. Remark that C,(M)/S5E Z(XC,(M)/S). 
Therefore, as G/S satisfies the hypothesis of the Theorem and as 
gcd(lMI, ISI)= 1, it follows that C o,.#4S/S) = MS/S = Co(M)/S. So, by in- 
duction, we may already assume that C,(M)=M. This means that G/M is 
isomorphic to a subgroup of GL(t,p). As there are (p’- 1)/Q- 1) maximal 
subgroups of M that are conjugate in G to each other we observe that 
@‘- l)/(P- 1) 1 IG/Mi 1 lGL(t,p)/. 
Now let D,(X) E Z[X] be the tth-cyclotomic polynomial. Hence Qt(p) divides 
@I- l)/@- l), whence @Jp) 1 1 G/MI and then also @jr(p) 1 /GL(t,p)l. Let 
e= gcd(t, !Dt(p)) and assume ed divides Q,(p) but ed+’ does not. (In case e= 1, 
define ed = 1.) 
a) Assume Gt(p)=ed. Then it follows from Theorem (3.23) of [2] that a) t =6 
and p = 2, or p) t = 2 and p = 2/ - 1. Since p is odd, case a) does not occur. In 
case p) we have p + 1 = (p2 - l)/(p - 1) = # {maximal subgroups of M}, and 
we saw already that then p + 1 divides I G/MI. Note that in G any Sylow 2-sub- 
group is quaternion of order 8. Therefore p + 1 = 4 or p + I = 8. However, p # 3. 
The case p=7 leads to 120= /SL(2,5)1 1 IG/MI I IGL(2,7)/ =8.7.62 and we 
have a contradiction. Hence case a) does not occur. 
b) So assume Q,(p) > ed. Let r be a prime divisor of Qt(p)/ed. Thus r I I G/MI. 
Let F/M be the Fitting subgroup of G/M and let R, be a Sylow r-subgroup of 
G/M. Following Theorem (5.3) of [2] it holds that R, is cyclic. 
b,l) Suppose [R,,F/M] # (1). Then G/M contains a normal non-abelian 
2-subgroup, according to Theorem (5.4) of [2]. This, however, is in conflict to 
the non-solvability of G/M together with the fact that a Sylow 2-subgroup of 
G/M is quaternion of order 8. 
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b, 2) Therefore [Ri,F/M] = {l} holds. Since X/MzSL(2,5) and as 
gcd(30, IR/MI) = 1, we see that F/M=Z(X/M).T/M, where T/M is the Fit- 
ting subgroup of R/M. Note that r is an odd prime as G/M has non-cyclic 
Sylow 2-subgroups. 
b,2a) Now assume that r 1 IR/MJ. Then RI c R/M as R/M4 G/M. Further 
[R,, T/M] = { l}. As R/Mis solvable we see that R, C T/M([5], Satz 111.4.2.~) 
and therefore R, 4 G/M (note R, is a Sylow r-subgroup of R/M). Then, 
however, Theorem (4.30) of [2] reveals that G/M is isomorphic to a subgroup 
of the solvable group TL(l,p’). This is in conflict to the non-solvability of 
G/M. 
b,2/?) Hence we see that @t(p)=ed.3a.5B, Osa<l, O<psl, as IG/MI is 
precisely divisible by one factor 3 and by one factor 5. Just as in a) it holds that 
p#2j- 1, any integer j. Since also p#2, we see that a so-called primitive 
prime divisor x of p’ - 1 exists, i.e. t = ord@ mod x); see Theorem (3.24) of [2]. 
So t divides x- 1. Such an x divides Qt(p). It is a fact ([2], Theorem (3.22)) 
that e is prime or e= 1. Since e 1 t, we have 3 fx. Hence, as e{ Qt(p)/ed, it 
holds that XI 5, i.e. ts4. It is also known that e= t = 2 in case e* divides 
@[(p), by Theorem (3.21) of [2]. So e / t, t14 and we can do a numerical 
check. 
b,2,/3,1) Let e= 1. Then 
a) t = 2 and Qt(p) odd, implies D*(p) =p + 1 is odd, a contradiction to p f 2. 
b) t=3impliesthatx#3. Sox=5, but3=tl(x-1)=4isabsurd. 
c) t =4 and QI(p) odd, implies Q4(p) =p*+ 1 is odd, a contradiction to p#2. 
b,2,P,2) Let e=2. Then t=2 or t =4. We have, if t=4, D4(p)/2 divides 15 as 
4 {p* + 1 = Q4(p). Hence p* + 1 1 30. Since p # 3, this does not happen. There- 
fore t = 2. The B-group property and the structure of X/M, being isomorphic 
to SL(2,5), gives now that the element r E X with SM the unique involution of 
X/M, inverts each non-trivial element of the elementary abelian p-group M of 
order p*. Hence, as p + 1 = # {conjugates in G of some subgroup of order p 
of M}, we have 8{p+l. Hence @*(~)/2~=3~5~, ~~51, /?sl. So we have 
p + 1 / 60. Since p{ 30, it follows that p E { 11,19,29,59}. 
b,2,P,3) Let e=3. As el t, ts4, it follows that t=3. However, tsx- 1, 
whence x= 5 should hold (remember x is prime), a contradiction to t I (x- 1). 
Herewith all possibilities for the prime e are exhausted. The proof of the Theo- 
rem is complete. + 
By means of Theorem 10 is it now possible to derive the final and main result 
of this paper. 
THEOREM 11. Let G be a non-solvable B-group whose @low 2-subgroups are 
quaternion of order 8. Then G is an element of one of the following seven sets 
of groups. 
1) SL(2,5)xH, gcd(lHl, 30) = 1; 
2) (sL(2,5)~G,i xGll))x~, gcd(lH1,330) = 1; 
3) (sL(2,5) DC (CM x G,,)) x H, gcd(lHJ, 570) = 1; 
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4) (SL(235) K (CD x CA) x H, gcd(lHI,870)= 1; 
5) ((SL(~,~)D<(C~~XC~~))XH)(C) with /~I=7~,czrl, HC=H, [SL(2,5),c]={l}, 
tC=P for all tEC29xC29, c’EH, gcd(lHI,870)=1; 
6) (SL(2,5) K (C,, x C,,)) x H, gcd(lH1,1770)= 1; 
7) ((SL(~,~)K(C,~XC,,))XH)(& with ldl=29a, arl,Hd=H, [SL(2,5),d]={l}, 
td= t4 for all tE&xC&, d29~H, gcd(lHl, 1770)= 1. 
In the cases l), 2), 3), 4), 6) H is a solvable B-group, whereas in the cases 5) 
and 7) H(c) and H(d) are solvable B-groups. 
PROOF. Let G be a B-group satisfying the hypothesis of the Theorem. We 
have seen in Theorem 5 that a minimal normal subgroup M of such a group 
G is not isomorphic to SL(2,2”), n 5 5. So M must be isomorphic to a direct 
product of t isomorphic copies of a cyclic group of odd prime order p, or the 
order of M is 2. 
a) Suppose lMI =pr 3. Since G/M is a B-group we can apply induction. So 
we can assume there exists X/M4 G/M with [X/M,X/M] =X/M# {l}. As 
M is cyclic of order p, p odd, this implies that MC Z(X). Now, if we are not 
in case 1) regarding G/M then there exists N4 G, X> Na M, N/M= C, x C,, 
v E { 11,19,29,59}, v fp. So, as G is a B-group, MC_ Z(N) holds and there exists 
U with U char N, ZJz C, x C,. So U4 G and we are in the next case b). So we 
may also assume that X/M=SL(2,5). Therefore by Theorem 10 it can be ar- 
ranged that there exists Ya G with Xfl Y=M. As G/M is a B-group, IX/MI 
and / Y/MI are relatively prime. Now if p 1 15, an argumentation by means of 
a theorem of Holder ([4], 5 63) reveals that X contains a subgroup U=SL(2,5) 
suchthatX=UM,MnU={l},[M,U]={1}.However,asU=[X,X],itfol- 
lows that U4G. Therefore G=UY, UnY={l}, gcd(IY/,IUl)#l, and we 
have no B-group here. Therefore p{ 15 holds. Hence there exists R with 
R char X, X= R x M, R = SL(2,5), and such that G = R Y. So we are in case 1). 
b) Suppose there exists a minimal normal subgroup M of G, elementary abelian 
of order p’, t 2 2, p odd prime. The B-group property yields that M is the unique 
Sylow p-subgroup of G. By induction there exists X/M4 G/M and a sub- 
group Y/Mof G/Msuch thatxtl Y=M, O,(X)YaG, XfI02’(X)Y=02,(X), 
X/M=SL(2,5) if case 1) applies, or X/MrSL(2,5)p<(C,xC,), v E { 11,19,29,59) 
if one of the cases 2), . . . ,7) applies. 
b, 1) Assume that O,,(X) z M. Then O,,(X)/M= C, x C,, v E { 11,19,29,59}. 
Since G/Co(M) is faithfylly represented on M and as subgroups of equal or- 
der in O,(X)Co(M)/Co(M) are conjugate to each other in G/C,(M), it fol- 
lows that 02,(X)/M is represented trivially on M, i.e. O,(X) z C, x C, x M. 
Hence, as p # v, there exists W= C, x C, with W char O,(X). Therefore Wa G. 
Suppose that 02,(X)/Wc Z(X/W). Then as 02,(X)/W is the unique Sylow 
p-subgroup of X/W, there exists Z with Z char X and XzZx M. Hence 14 G 
where Z is a split extension of SL(2,5) over C, x C,, a case to be treated in b. 2). 
Hence assume that 02,(X)/ Wg Z(X/ W). We apply induction on the order of 
the B-group G/W. {Remember that X/W/02,(X/W)=X/WzSL(2,5).} A 
glance in the list of the seven possible structures yields now that each element 
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of 02(X)Y/W normalizes each subgroup of order p of 02,(X)/K Hence 
02,(X)Y normalizes each subgroup of order p of M. Again by induction, in- 
side the B-group G/M each element of O,,(X)Y/M normalizes each subgroup 
of order u of 0,(X)/M; whence 02(X)Y normalizes each subgroup of order 
u of W. So each cyclic subgroup of order pv of O,,(X) is normalized by 
02,(X)Y. There are at least (p+ l)(o + 1) cyclic subgroups of order pv in the 
abelian group O,,(X) that are conjugate by the B-group property. This prop- 
erty gives now also that for any cyclic subgroup D of O,,(X) or order PO, 
02,(X)(t) c_N,(D) holds, where rO,,(X) is the unique involution of X/O,,(X). 
Since O,,(X) Y(s) is of index 60 in G and since neither p nor u divides 15, 
it follows that /G : N,(D)1 divides 60, whereas # {conjugates of D in G} = 
~G:N,(D)~r(p+l)(u+1)~(7+1)(11+1)=96. So we have a contradiction. 
b.2) So we may assume that O,,(X) =M, i.e. X/MzSL(2,5). Let M, be a max- 
imal subgroup of M. The B-group property gives 1 G : No( = # (maximal 
subgroups of M) = (p,‘- l)/@ - 1). Furthermore, from the list of the seven cases 
it follows inductively that there exists R/M4 G/M with G/M=X/M. R/M, 
XnR=M, gcd(lR/MI,30)=1, R/M a B-group. Note that only case 1) 
applies here for G/M. It holds that (p’- l)/(p - 1) divides /GL(t,p)I, as 
G/C,(M) 4 GL(t,p). 
b. 2.(r) Assume G/C,(M) is solvable or Mc Z(X). In both cases 
X/Xtl C,(M) is isomorphic to a solvable quotient group of X/M, i.e. of 
SL(2,5). Hence MC Z(X) anyway. Since M is the unique Sylow p-subgroup 
of G (whence of X), we see that there exists TcX for which Ts:L(2,5), 
TaG. Now, as G/Z(T) is a B-group it follows from Theorem 7 that 
G/Z(T)=A/Z(T)eB/Z(T), where A/Z(T)=&, A/Z(T) il G/Z(T), 
B/Z(T) a G/Z(T), A fl B=Z(T), B/Z(T) a solvable B-group with 
gcd((B/Z(T)I,30)= 1. So, as lZ(T)I =2, B=CZ(T), for some Cwith Cchar B, 
CnZ(T)={l}, gcd(lCI,2)=1. Therefore, asA=T, we have G=TC, C<1G, 
T4 G, TzSL(2,5), gcd( ICI, 30) = 1, C a B-group. Thus we are in case 1). 
b. 2.p) Suppose MgZ(X) and assume that G/C,(M) is not solvable. So 
60 1 jG/C,(M)l (for G/C,(M) is a B-group), and then Theorem 10 yields 
PE { 11,19,29,59} together with t =2. Observe Mc C,(M) c Y. The group 
G/C,(M) contains a normal subgroup J isomorphic to SL(2,5) such that 
G/C,(M) = JH, where His a normal B-subgroup of G and where J(l H= { 1 }, 
gcd(lHJ,30p)= 1. We have J=[J,J] c(G/C,(M))‘. Now if p~(11,19,29,59), 
120 1 IGL(2,p)I just by G/C&M)c,GL(t,p). We have lGL(2,p)l= 
(p + l)p(p - 1)2. Of course p f /G/C,(M) I, as M is the Sylow p-subgroup of 
G. Since G/C,(M) 4 GL(2,p), a moments thought about the prime divisors 
of IGL(2,p)l, different from p, reveals that for PE { 11,19} we must have 
G/C,(M) c SL(2,5). As C,(M) splits centrally over M, it immediately follows 
that the structure of the cases 2) and 3) emerge, but no others for p= 11 or 
p = 19. The primes p = 29 and p = 59 lead to some extra work. 
b. 2. fi. 1) Write in short C= G/CG(M) and let p = 29. Regard C as subgroup 
of GL(2,29). The group C/CflSL(2,p) is isomorphic to a subgroup of an 
abelian group of order 28. As gcd(lHJ, 30.29) = 1, H is equal to 1 or H is a 
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7-group. (Note IGL(2,29)1 = 30.39.38*). So, as J is its own commutator sub- 
group, J has to be contained in Cn SL(2,29) and either Cc SL(2,29) or 
C/Cn SL(2,29) = C, will hold. However, SL(2,29) has no subgroups of order 
840; see ([l], page 20). Now ISL(2,29)1 = 30.29.28 implies that C$ZSL(2,29) or 
C= J. So only C= J= SL(2,5) or C= JH= SL(2,5) X C, remains as possi- 
bility. In case CnSL(2,5)x C,, H is not a subgroup of SL(2,29), and 
IGL(2,29)/C. SL(2,29)1 =4. We have (f $EC\ SL(2,29) as 16’~ l(mod29). 
Hence we are in the cases 4) and 5). 
b. 2.p. 2) Letp=59 and write C=G/Co(M). Regard Cas subgroup of GL(2,59). 
The group C/Cfl SL(2,59) is isomorphic to a subgroup of an abelian group 
of order 58. Since gcd(lHl,30.59)= 1, H= {I} or H is a 29-group. (Note 
IGL(2,59)/=60.59.58*). So, as J=[J,J], JcCnSL(2,59) and either 
Cc SL(2,59) or C/Ctl SL(2,59) = C,,. Note that (:* $), with a = (2 mod 59), 
generates a central subgroup of order 29 of GL(2,59), not contained in 
SL(2,59). Note also that <($ $)) is a direct factor of GL(2,59). The group 
SL(2,59) has no subgroups of order 120.29, i.e. of index 59; see [5], 
Satz 11.8.28). Therefore C=J=SL(2,5) or C=JH=SL(2,5) x C,,. As in the 
last case His not a subgroup of SL(2,59) and jGL(2,59)/C. SL(2,59)/ = 2, and 
as (i t) E C \ SL(2,59) by 429 = 1 (mod 59), we conclude that we have arrived at 
the cases 6) and 7). 
c) Suppose each minimal normal subgroup of G has order 2. Since G is a B- 
group, G has now in fact a unique minimal normal subgroup M, this group M 
being of order 2. Therefore G/Mis a non-solvable B-group whose Sylow 2-sub- 
groups are isomorphic to a Klein four group. Thus Theorem 9 implies that there 
are KaG, LaG for which KnL=M, K/MrA,, G=KL, gcd(jLl,30)=1. 
Now, as M is central in L and of order 2, there exists a characteristic subgroup 
X of L with 1X1= IL/MI. Hence G=KX, K4G, X4G, KflX={l}. Final- 
ly, the hypothesis that G has quaternion Sylow 2-subgroups of order 8, leads 
to K=SL(2,5). Hence we are in case 1). Even stronger, if X is non-trivial of 
odd order (whence solvable) it has a proper characteristic abelian normal sub- 
group. This is in conflict to the fact that M should be the unique minimal nor- 
mal subgroup of G. Hence G=SL(2,5) in this rubric c). 
This finishes the proof of Theorem 11. + 
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